A high-order spectral difference (SD) method for solving the Navier-Stokes equations on moving, deformable unstructured grids has been developed [1] . In this paper, the SD method and the artificial compressibility method (ACM) are integrated with a dual time-stepping scheme to model unsteady incompressible viscous flow past an inline tube bundle of cylinders equally sized (diameter = d) and spaced (spacing = 2.1 * d) over an unstructured grid. Flow simulation results are obtained using a fourth-order space accurate SD method. Two forced oscillation cases are considered; (1) 1 st cylinder oscillation and (2) 2 nd cylinder oscillation. The Reynolds number used for both cases is 100 and the flow is laminar. Forced oscillation is performed in the tranverse direction, and the subsequent altering of the flow physics of the system is studied. The frequency of vortex shedding behind each cylinder is the same. Root mean square results show that the lift coefficient is greatest for the 4 th inline cylinder in both cases. Furthermore, a reduction in both lift and drag coefficients is seen from case (1) to case (2).
INTRODUCTION
The fluid dynamics across an array of multiple cylinders is rich indeed. Studies carried out for two cylinders [2] identify nine flow patterns that are dependent upon angle of incidence and tube spacing. Induced separation of flow, shear layer reattachment and vortex synchronization are just a few of the phenomena that have been observed. While flow around one or two cylinders has been greatly studied, fewer efforts have been devoted to studying a system involving many cylinders, commonly known as tube bundles. Tube bundles are widely used in power generation and oil industries (e.g. heat exchangers in nuclear reactors). Various tube bundle geometries exist; staggered symmetric, rotated square, normal triangle, parallel triangle, inline, etc. The focus of this paper is on the results of a study of two-dimensional incompressible flow past an inline tube bundle using the spectral difference method.
Steady and unsteady incompressible flow about an inline stationary tube bundle has previously been studied [3] . In this paper, however, unsteady incompressible flow across six inline cylinders with one cylinder exhibiting tranverse oscillations will be studied within the context of the SD-ACM solver, which possesses the ability to move and deform the numerical grid such that the flow solution is properly computed as one of the cylinders oscillates.
The following section describes the mathematical and numerical formulation of the aforementioned method, succeeded by sections involving validation studies, problem identification, results and conclusions.
MATHEMATICAL FORMULATION

Artificial Compressibility Method
The Navier-Stokes equations with artificial compressibility can be written in conservation form as
where the vector of conservative variables Q is
and the inviscid flux vector F I (Q) and viscous flux vector F V (Q, ∇Q) are decomposed, respectively, into
where
and
Here ρ is the density, ν is the kinematic viscosity, u and v are the velocity components in x and y directions, γ is a relaxation parameter, and p = P/ρ, where P represents the static pressure. We define the element interface normal velocity as V n = un x + vn y and c = V 2 n + γ. The three characteristics for the above incompressible flow system with artificial compressibility are V n + c, V n and V n − c.
The viscous fluxes can be computed using the following procedure:
1. Reconstruct Q f at the flux points from the conservative variables at the solution points using Eqn. (18). 2. Average the field of Q f on the element interfaces as
For interior flux points, Q f = Q f . Meanwhile, appropriate boundary conditions shall be applied for specific edge flux points. 3. Evaluate ∇Q at solution points from Q f using Eqns. 
where τ p represents the pseudo time step and R * (Q) =
Steady or unsteady flow solutions can be obtained with this solver. All computations utilize a fourth-order time accurate, strong stability-preserving five-stage Runge-Kutta scheme [4] for treating the pseudo time τ p and a secondorder backward Euler scheme to deal with the physical time marching; i.e.
Spectral Difference Method
The two-dimensional Navier-Stokes equations in Eqn. (1) can alternatively be written in conservation form
where Q is the solution vector and F and G are the flux vectors, which contain both inviscid and viscous components.
The formulation of the SD method in this implementation follows from Liang et al. [5] . Considering the nonuniformity of the physical grid, one is motivated to transform the physical domain (x,y) into a computational domain (ξ ,η) where the latter contains standard grid elements (see Fig. 1 ) over which the governing equations can be efficiently solved.
The transformation to the computational domain can be achieved using
where K is the number of elemental nodes per element, (x i , y i ) are the nodal cartesian coordinates, and M i (ξ , η) are the shape functions. As shown in Fig. 1 , K is 4 in this implementation and node 1 is located at (ξ ,η)=(0,0). After the transformation into the computational domain, the governing equations for a stationary grid take on the following conservation form:
The Jacobian J is computed for each standard element on the stationary grid using
where the metrics of the Jacobian are obtained from the relationship between the non-uniform element and the standard element. The standard element contains two sets of points: solution points and flux points (see Fig. 2 ).
To construct a (N − 1) degree polynomial in each coordinate direction, the solution at N points is required. Within each dimension, the solution points are chosen as Gauss points defined by
The flux points are chosen as Legendre-Gauss quadrature points plus the two end points 0 and 1, as suggested by Huynh [6] . Choosing P −1 (ξ ) = 0 and P 0 (ξ ) = 1, the higher-degree Legendre polynomials can be determined by
The locations of these Legendre-Gauss quadrature points are the roots of the equation P n (ξ ) = 0. Using the solutions at N solution points, a (N − 1) degree polynomial can be built using the Lagrange basis
Similarly, using the fluxes at (N + 1) flux points, a N degree polynomial can be built using the Lagrange basis
The reconstructed solution vector in the 2D standard element is the tensor product of the two one-dimensional polynomials
Similarly, the reconstructed flux vectors are obtained with
The reconstructed fluxes are continuous across the entire element, but discontinuous across element interfaces. In this implementation, a simple Rusanov solver [7] is used to compute the inviscid fluxes across the interface. The derivatives of the inviscid fluxes are computed at the solution points using the derivatives of Lagrange operators l:
To numerically handle the viscous effects at the element interfaces, an averaging approach [8, 9] is used.
Moving and Deforming Grid
To solve the Navier-Stokes equations on a moving and deforming domain, one can conveniently treat x(ξ , η, τ) and y(ξ , η, τ) as functions of the standard computational element consisting of dimensions in ξ , η and τ (see Fig. 3 ). In this case, τ coincides with the physical domain dimension t. The transformed components of ∇ · F in Eqn. (8) then take on the form
The new Jacobian matrix is now expressed as
After some derivations, the Navier-Stokes equations are modified to take on the following conservation form in the computational domain
To guarantee temporal stability and accuracy on moving, deformable domains, the discrete Geometric Conservation Law
must be considered. After combining Eqns. 26 and 28, the following compact form is obtained and implemented within the numerical solver:
Combining Eqns. 7 and 29 provides a formulation to accomplish both physical and pseudo time marching.
The motion of the grid is prescribed by means of a blended-function technique which is similar to Persson et al. [10] , Ou et al. [11] and Yu et al. [12] . Figure 4 shows the unstructured mesh used in the flow simulation for the inline tube bundle. Multiple processors were utilized for the simulation and Fig. 5 shows the corresponding domain decomposition.
Unstructed Mesh and Domain Decomposition
VALIDATION STUDY Plunging Airfoil
Computational results for unsteady incompressible flow past a plunging airfoil at Re = 1850 have been obtained using the incompressible spectral difference with artificial compressibility (ISD-ACM) solver. An instantaneous pressure field for a downward plunging airfoil is shown in Fig. 6 .
Time averaged statistics such as mean and root mean squared (rms) values are computed for both lift and drag coefficients. Results are compared to those obtained by a compressible spectral difference solver (See Tabs. 1 and 2). As expected, the effect of compressibility at these flow conditions is noticeable at a small scale. 
Stationary Inline Tube Bundle
A stationary tube bundle has already been studied by Liang et. al [3] , where results were obtained by a finite volume method over an unstructured grid for cylinder spacings ranging from s = 2.1d to s = 4.0d, where d is the cylinder diameter. In this paper, the cylinder spacing is maintained at s = 2.1d. Streamline results obtained by the ISD-ACM solver at Re = 100 are shown in Figure 7 for the stationary inline tube bundle. One can see the five recirculation zones, each one between the cylinders, and a weak vortex shedding behind the sixth cylinder. Mean and rms statistics for drag and lift are presented in Tabs. 3 and 4. Cylinder 2 exhibits a negative mean drag coefficient. The rms lift coefficient for cylinder 6 is the highest due to the slight shedding of vortices behind the bundle.
INLINE TUBE BUNDLE WITH OSCILLATING CYLINDER
Liang et. al. [3] showed that as s increases the symmetry of the recirculation zones between the cylinders breaks, subsequently causing vortex shedding. Here, as stated previously, the cylinder spacing is maintained at the symmetry value of s = 2.1d; however, the break in symmetry in this paper results from the forced oscillation of cylinders. Thus, it is of interest to study the affect of cylinder oscillations on the vortex generation in the inline tube bundle system. The 1 st and 2 nd inline cylinders are forced to oscillate in the transverse direction in the form of Y (t) = A e cos(2π f e t), where A e = 0.10d is the maximum oscillation amplitude. The Strouhal number, S t , is computed using
where f e is the oscillation frequency, d is the diameter and U ∞ is the freestream velocity. The Strouhal number for the tubes is 0.10. This corresponds to a stationary tube bundle with cylinder spacing s = 2.8 as reported in [3] .
Cylinder 1 Oscillations -Case(1) Case(1) involves subjecting only cylinder 1 to forced oscillation. Figure 8 shows streamline results for this case. The pressure distribution around each cylinder for one period oscillation is shown in Fig. 9 . For this type of oscillation in the tube bundle system, we obtain the time-averaged results for drag and lift coefficients seen in Tabs. 5 and 6. The drag coefficient, C d , is highest for cylinder 1, lowest for cylinder 2, and increases from cylinders 2 to 6. The lift coefficient is lowest for cylinder 1, increases from cylinders 1 to 5 and then drops slightly for the last cylinder. Note also that cylinder 4 exhibits a higher C l than cylinder 6. The variation of instantaneous lift coeffients for all Cylinder 2 Oscillations -Case(2) Case(2) involves subjecting only cylinder 2 to forced oscillation. Figure 11 shows streamlines results for this case. Pressure distributions for one period oscillation are shown in Fig. 12 . Furthermore, time-averaged results for drag and lift coefficients can be seen in Tabs. 7 and 8. Similar to Case(1) above, C d is highest for cylinder 1, lowest for cylinder 2, and increases from cylinders 2 to 6. The lift coefficient is lowest for cylinder 1, increases from cylinders 1 to 5 and then drops slightly for the last cylinder. However, note for this case that cylinder 6 exhibits a higher C l than cylinder 4.
For cylinder 2 oscillations, the variation of instantaneous lift coeffients for all cylinders can be seen in Fig. 13 . The results for both oscillation cases show that the rms C l is greatest for the 4 th inline cylinder and the mean C d is negative for the 2 nd inline cylinder. Also, a reduction in lift and drag is seen across the tube bundle when comparing Case(2) to Case(1).
CONCLUSIONS
The spectral difference method with artifical compressibility and dual-time stepping is presented in this paper for an unstructured, moving, deformable grid. The solver is validated with numerical results obtained from a plunging airfoil and a stationary inline tube bundle. Unsteady incompressible flow simulations past an inline tube bundle with 1 st and 2 nd cylinder oscillations are presented. Both 
